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CONTRACTIVE MAPPINGS 
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Abstract. In this short paper, we prove fixed point theorems for nonexpan- 
sive mappings whose domains are unbounded subsets of Banach spaces. These 
theorems are generalizations of Penot's result in [Proc. Amer. Math. Soc., 131 
(2003), 2371-2377]. 



1. Introduction 



Let C be a closed convex subset of a Banach space E, and let T be a nonexpansive 
mapping on C, i.e., \\Tx — Ty\\ < \\x — y\\ for all x,y € C. We know that T has a 
fixed point in the case that E is uniformly convex and C is bounded; see Browder £Q 
and Gohde [2] ■ Kirk |3j extended these result to the case that C is weakly compact 
and has normal structure. We note that such domain C of T is a bounded subset. 
Recently, Penot proved the following in ^ : T has a fixed point in the case that E 
is uniformly convex, C is unbounded, and T is asymptotically contractive, i.e., 



for some x € C. 

In this paper, we prove fixed point theorems for nonexpansive mappings whose 
domains are unbounded subsets of Banach spaces. These theorems are generaliza- 
tions of Penot's result in [3]. 



In this section, let T be a nonexpansive mapping on a nonempty closed convex 
subset C of a Banach space E. We discuss the following conditions for T: 

(CI) There exists r € (0, 1) such that for every x\ G C, there exists r\ > 




\Tx -Ty\\ 

\\zo-y\\ 



< i 



2. Conditions for Mappings 



satisfying 



||Txi - Ty\\ < r \\xi - y\ 



for all y G C with ||y|| > 77; 



(C2) there exist r £ (0, 1), xq S C and 77 > such that 



\\Tx Q - Ty\\ < r \\x - y\ 



for all y 6 C with ||y|| > 77; 
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(C3) for each A > and for each x\ £ C, there exists rj > satisfying 
||rasi - Tj/ll < ||a;i - v]| - A 

for all y £ C with \\y\\ > 77; 
(C4) there exists xq £ C for each A > 0, there exists 77 > satisfying 

\\Tx - Ty\\ < \\x — 2/|| — A 

for all y £ C with ||y|| > 77; 
(C5) there exists A > such that for each x\ £ C, there exists 77 > satisfying 

Hrasx - ri/|| < ||a;i - I/H - A 

for all y £ C with ||y|| > 77; 
(C6) there exist Xq £ C and 7/ > such that 

\\Tx - Ty\\ < \\x Q - y\\ - ||Tx - x || 
for all y £ C with ||y|| > 77. 
We obtain the following. 

Proposition 1. 



(CI) ^ (C2) => (C3) (C4) => (C5) => (C6) holds 



Proof. It is obvious that (CI) 
prove 



(C2) 



(C2)|[(C3)1 ^ [(C4)] and [(C3) 



_(C5)1 We first 

(CI) We assume (C2)| i.e., there exists r' £ (0, 1), x £ C and 77' > 

>T)'. Put r = (l + r')/2. 



such that \\Tx -Ty\\ < r' \\x -y\\ for ally £ C with 
We let x\ £ C be fixed and put 

\\x\ - Bo|| + \\Txi 



rj = max <^rj , ||xi|| + 

Then for y £ C with \\y\\ > 77, we have 

IK - ar || + \\Txi - Tx n 



Txn 



< (r 

< (r 

< (r 



r') (77-II^H) 

r') (IMI-lkil 

r') \\xi -y\\ 



and hence 



||TX! 



Ty\\ < WTxi-TxoW + WTxo-TyW 

< WTxt-TxoW+r'Wxo-yW 

< \\Txi - Tx \\ + r '\\ x i - Bo|| + r'||xi - y\\ 

< \\Txi - Tx \\ + \\ x i ~ x °\\ + r'\\xi - y\\ 

< r\\xi - 2/H- 

"(C2)1 |(C4)1 and [(C4)] ^ |(C3)] We 



This implies (CI) We can similarly prove 



finally show (C5) =>■ (C6) We assume (C5)| i.e., there exists A > such that for 
each xi £ C, there exists 77 > satisfying \\Txi — Ty\\ < \\xi — y\\ — A for all y £ C 
with \\y\\ > 77. We put 

cl = inf \\Tx — x\\ 

xec 

and assume d > 0. Then there exists x\ £ C such that \\Tx\ — x\\\ < d + A/2. 
For such xi, we choose 77 > satisfying — Ty\\ < \\xi — y\\ — A for all y £ C 

with \\y\\ > rj. For each t £ (0, 1), since a mapping x t—> (1 — t)Tx + tx\ on C is 
contractive, there exists yt £ C such that 

yt = (1 - t)Ty t + tx\. 



ASYMPTOTICALLY CONTRACTIVE MAPPING 



3 



Since 

d < \\Ty t - y t \\ = t\\Ty t - Xl \\ 

< t (\\Tyt-Tx4 + \\Txt - sill) 

< t (||y f - xi|| + ||Txi-ari||) 
<t (\\y t \\ + ||.t 1 || + ||Tx 1 -xi\\), 



we have \\yt\\ > f] for some small t > 0. So, we have 

l|a;i-tftll + lltft-Tytll = l|a;i-Tytll 

< ||a;i-Ta:i|| + \\Tx x -Ty t \\ 

< \\xi - Txi\\ + \\xi - y t \\ - X 
<d + X/2+\\x 1 -y t \\-X 

and hence 

\\y t -Ty t \\<d-X/2. 

This contradicts to the definition of d. Therefore we obtain d = 0. We can choose 
Xo 6 C with ||Ta;o — x a \\ < X. Then there exists rj > such that 

\\Tx Q - Ty\\ < \\x a — 2/|| — 

< \\ x o - y\\ - \\Tx - x \\ 
for all y £ C with ||y|| > 77. This completes the proof. □ 

We can easily prove the following. 
Proposition 2. Suppose that C is unbounded. Then the following are equivalent 



to 



(CI) and (C2) 



(i) T is asymptotically contractive; 

(ii) for every x\ G C. 



\\ Tx i - T y\\ 

lim sup ii - n — ^ P- < 1 

yec, \\xi-y\\ 



holds. 



And the following are equivalent to (C3) and (C4) 



(i) there exists Xq £ C such that 



lim 

yec, 

HvlHo 

(ii) for every X\ € C, 



(||Txo-Ty||-||a:o-»||) = 



lim 

Il2/IH°° 



\Txi-Ty\ 



Fi - y\ 



holds. 
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3. Sufficient and Necessary Condition 

In this section, we discuss about the sufficient and necessary condition for non- 
expansive mappings having a fixed point. 

Lemma 1. Let C be a closed convex subset of a Banach space E and let T be a 
nonexpansive mapping on C. Suppose that ( C6)\ i.e., there exist xo £ C and rj > 
such that 

\\Tx Q - Ty\\ < \\x a - y\\ - \\Tx Q - x \\ 
for all y £ C with \\y\\ > r\. Then there exists p > such that T(D) C D, where 

D = {yeC :\\y~x \\<p}. 

Proof. We put 

p = »7+||x || + ||Ta:o-a:o|| > 0. 
Then in the case of y £ D and ||y|| < 77, we have 

\\Ty - x Q \\ < \\Ty - Tx \\ + \\Tx - x \\ 

< lb - - T o|| + \\Tx - x \\ 

< \\y\\ + \\xo\\ + \\Txo-x \\ 

<f]+ \\x \\ + \\Tx - .To|| 

= p- 

In the case of y £ D and \\y\\ > 77, we have 

\\Ty - x \\ < \\Ty - Tx Q \\ + \\Tx - x \\ 

< \\v-xo\\ 
<p- 

Therefore we obtain the desired result. □ 

A closed convex subset C of a Banach space E is said to have the fixed point prop- 
erty for nonexpansive mappings [FPP, for short) if for every bounded closed convex 
subset D of C, every nonexpansive mapping on D has a fixed point. Similarly, C 
is said to have the weak fixed point property for nonexpansive mappings ( WFPP, 
for short) if for every weakly compact convex subset D of C, every nonexpansive 
mapping on D has a fixed point. Let E* be the dual of E. Then a closed convex 
subset C of E* is said to have the weak* fixed point property (with respect to E) for 
nonexpansive mappings (W*FPP, for short) if for every weakly* compact convex 
subset D of C, every nonexpansive mapping on D has a fixed point. So, by the re- 
sults of Browder ^ and Gohde [2] , every uniformly convex Banach space has FPP. 
Also, by Kirk's result jjj], every Banach space with normal structure has WFPP. We 
recall that a closed convex subset C of a Banach space E is locally weakly compact 
if and only if every bounded closed convex subset of C is weakly compact. So, every 
closed convex subset of a reflexive Banach space is locally weakly compact. 

Using Lemma ^ we obtain the following propositions. 

Proposition 3. Let C be a closed convex subset of a Banach space E. Assume 
that C has FPP. Let T be a nonexpansive mapping on C . Then the following are 
equivalent: 

(i) T has a fixed point in C; 



(ii) T satisfies ( C6 ) 
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Proof. We first show (ii) implies (i). We suppose that (ii), i.e., there exist xo £ C 
and rj > such that 

\\Tx - Ty\\ < \\x - y\\ - \\Tx Q - x \\ 

for all y £ C with ||y|| > rj. By Lemma^ there exists p > such that T(D) C D, 
where 

D = {xeC : ||x-a;o|| < P}- 

So, by the assumption, there exists zq £ D such that Tzq = zq. Conversely, let us 
prove that (i) implies (ii). Let xq be a fixed point of T. Since T is nonexpansive, 
we have 

\\Tx - Ty\\ < \\x Q - y\\ = \\x - y\\ - ||Tx - x || 



for all y £ C. This implies (C6) This completes the proof 



□ 



Proposition 4. Let C be a closed convex subset of a Banach space E. Assume 
that C is locally weakly compact and has WFPP. Let T be a nonexpansive mapping 



on C . Then T has a fixed point in C if and only if T satisfies ( C6) 



Proposition 5. Let E be a Banach space and let E* be the dual of E . Let C 
be a weakly* closed convex subset of E* . Assume that C has WFPP. Let T be 
a nonexpansive mapping on C . Then T has a fixed point in C if and only if T 



satisfies (C6) 



As a direct consequence, we have the following. 

Theorem 1. Let E be a Banach space and let E* be the dual of E. Assume that 
either of the following: 

(i) C is closed convex subset of E and has FPP. 

(ii) C is closed convex subset of E and locally weakly compact, and C has 
WFPP. 

(iii) C is weakly* closed convex subset of E* and has W*FPP. 

Let T be a nonexpansive mapping on C . Suppose that C is unbounded, and T is 
asymptotically contractive. Then T has a fixed point. 

Remark, (ii) implies (i). 

Theorem 2 (Penot [5J). Let C be a unbounded closed convex subset of a uniformly 
convex Banach space E. Let T be a nonexpansive mapping on C . Suppose that T 
is asymptotically contractive. Then T has a fixed point. 



4. Examples 



In Proposition ^ we prove (CI) =>■ (C3) (C5) =>■ (C6) In this section, we 



give three examples which show that the inverse of the above implications do not 
hold in general. 

Example 1. Put E = M and C = [1, oo). Define a nonexpansive mapping T on C 

by 

Tx = x — log(x) 



for all x G C. Then T satisfies (C3) and does not satisfy (CI) 
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Proof. Since 



Km sup ■ 

yec, 

||j/||->oo 



ITT 



11-2/1 



T v\\ v v 

= lim — 



log(y) - 1 



y 



i 



= i, 



T does not satisfy (CI) by Proposition [5] Since 



lim 

\\y\\—>oc 



(||Tl-Ty[|-||l-y||) 



lim 



lim 

y— >oo 



[y - log(y) 

log(y) = - 



T satisfies (C3) by Proposition [3 □ 

Example 2. Let E = cq be the Banach space consisting of all real sequences 
converging to with supremum norm. Define a closed convex subset C of E by 

C = {x G E : < x(n) < n for all n G N}. 

Define a nonexpansive mapping T on C by 

(7V)(n) = max{0,x(n) - 2} 



for n G N. Then T satisfies (C5) and does not satisfy (C3) 



Proof. Put A = 3 and x\ = € C. It is clear that Txi = 0. Fix 77 > and choose 
n£N with T] < n and 2 < n. Put y G C by 



Then ||y|| = n > r\ and 



(Ty)(k) 



if As = n, 
if k ^ n. 

2, if Ac = n, 
if As 7^ n. 



So, we have 

HTn - Ty\\ = \\Ty\\ = n-2>n-X= \\y\\ -X=\\ Xl 



2/11 - A. 



Therefore T does not satisfy (C3) We next put A — 1 and fix xi G C. Then there 
exists rti G N such that < Xi(n) < 1 for all n G N with n > ri\. By the definition 
of T, (Txi)(n) — for n G N with n>n\. Put 77 = 774 + 5, and fix jy G C with 
||y|| > Tj. We choose 712 G N with 2/(712) = Then from the definition of C, we 
have 

ni < ni + 5 = 77 < H2/II = y(n 2 ) < n 2 . 
It is clear that ||y|| = 7/(77,2) > 2. For n G N with n < ni, we have 
I (Txi)(n) - (Ty)(n) | < n < ni < ni + 3 = 7/ - 2. 
On the other hand, for n G N with n > ni, we have 

I (T Xl )(n) - (Ty)(n) | = | (Ty)(n) \ = max{y(n) - 2, 0} < \\y\\ - 2 = y(n 2 ) - 2. 
Since 7i! < n 2 , 7/ — 2 < ||j/|| — 2 = 2/(77,2) ~ 2, and 

I (Txi)(n 2 ) - (Tt/)(77 2 ) I = max{7/(77 2 ) - 2, 0} = t/(t7 2 ) - 2, 

we have 

\\Txi - Ty\\ = y(n 2 ) - 2. 
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So, wc obtain 



\Txi - Ty\\ = y(n 2 ) - 2 

< y{ni) ~ xi{n 2 ) - A 

< \\xi-v\\-X. 



This implies (C5) This completes the proof. 



□ 



Example 3. Put E 

by 



and C = [1, oo). Define a nonexpansive mapping T on C 



Tx 



for all igC. Then T satisfies (C6) and does not satisfy (C5) 
Proof. Since 

\\Tx - T y\\ = \\x - y\\ = \\x - y\\ - ||a; - Tx\\ 
for all x,y G C, T satisfies (C6) And from the first equality, T does not satisfy 

7CBJ □ 
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